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Abstract

Building on our work from part I, we provide revealed preference conditions under
which a network game has a potential. Our analysis divides into two parts. First,
the novel reciprocal prism condition characterizes when the interaction between two
players, hold others’ actions fixed, is one of pure common interest or pure conflict.
We then show that, to verify whether the game as a whole has a potential, it suffices
to check whether utility scales are consistent along chordless cycles in the interaction
network.

1 Introduction

Potentials are an important tool in the literature on network games. Many network
games, particularly those with symmetric interactions, have a potential structure, which can
greatly simplify equilibrium analysis (e.g. Bramoullé et al., 2014; Babichenko and Tamuz,
2016; Zenou and Zhou, 2023). Moreover, having a potential inspires confidence in model
predictions because, even in a large and complex network, players can readily learn how to
play equilibrium strategies from feedback on neighbors’ behavior. Having addressed proper-
ties that ensure additively separable utility representations in part I, we turn our attention
in part II towards revealed preference conditions under which a network game admits a
potential.

One might expect that useful characterizations, based on more general findings for po-
tential games, already exist. Sadly, such expectations are mistaken. The famous four-cycle
condition of Monderer and Shapley (1996) is inextricably linked to cardinal utility, while the
ordinal test of Voorneveld and Norde (1997) requires checking arbitrarily long sequences of
strategy profiles to rule out improvement cycles. We provide novel examples demonstrating
that, in general games, improving on the latter characterization is impossible, but network
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games are special. The independence conditions from part I, which capture the idea that
strategic interactions are bilateral, lead to a cardinal utility representation that we can iden-
tify directly from preference comparisons. Using this, we can bound the length of cycles we
need to check to ensure that a potential exists.

Building on our work from part I, we start from utilities that are additively separable
across opponents: assume we can represent preferences via

wi(s) =Y gij(si, 55) (1)
J#i
for each player 7, in which s; denotes the action of player i. We break our problem into two
steps. First, we identify revealed preference conditions under which the bilateral terms g;;
and gj; are affine transformations of one another. The property, which we call the reciprocal
prism condition, implicitly imposes a restriction on cross-differences: if we have

9i5(87,87) — i (84, 87) — (9i5(8, 55) — 95 (i, 5))
= 9ij(8},5}) — 9i5(5:, ) — (945(53, 35) — 9i5(3i, 55))
for player ¢, then also

;i (85, 87) — gji(sj. s7) — (95i (85, 85) — g5i(s, 80))
= 9;i(5,8;) — 95i(55,8) — (9;i(5}, 5:) — 9;(55, 5))

for player j. If this holds for every pair of players, there is a canonical utility

wi(s) = vi(s:) + Y (gij(si,85) + wig(s5))
J#
for each player ¢ such that g;;(si,s;) = 7;9ji(s;,s;) for some constants ~;;. We identify
conditions under which the associated constant is positive, and in this case we say there is a
bilateral potential for players i and j—the bilateral strategic interaction is one of common
interest. As a byproduct of our analysis, we also obtain conditions under which the constant
is negative, allowing us to identify games with pure bilateral conflict.

Assuming each bilateral interaction is one of common interest, the second step is to check
whether we can simultaneously rescale the utilities of all players so that g;;(s;, s;) = g;i(s;, s:)
for all pairs. We present an example showing that even this step alone may require checking
for long improvement cycles, but it also hints at conditions under which checking shorter
cycles is sufficient. A network game with bilateral potentials implicitly defines a strategic
interaction graph in which players ¢ and j are linked if the corresponding bilateral potential
is not identically zero. The key difficulty is the existence of long cycles in this graph, but
a cycle only matters if it cannot be cut short along a chord. The length of the longest
such cycle bounds the length of improvement cycles one must check. In particular, if the
interaction graph is a tree, the game always admits a potential, and if the interaction graph
is chordal,! then checking 3-cycles is sufficient.

IThis means that any cycle of length 4 or greater contains a chord, a link connecting two players who are
not adjacent in the cycle.



Though we focus on games in which a network mediates strategic interactions, our results
can apply beyond this context. Our conditions for having a bilateral potential require that
each of the two players has another opponent whose actions can offset changes in the partner’s
action. While this prevents direct application to two player games, there is nothing in the
formalism that requires an opponent to be the offsetting force. If each of two players has
joint preferences over outcomes in the game, and over some other set of outcomes that are
independent of the game, then we can derive a cardinal scale from revealed preference and
check whether the game has a bilateral potential given this representation.

Our findings contribute to our collective understanding of network games as well as the
broader literature on potential games. We identify interpretable revealed preference condi-
tions guaranteeing that a game has a potential, and we highlight precisely what structural
features of the interaction network make it harder or easier to determine whether a potential
exists. Moreover, to the best of our knowledge, we provide the first revealed preference test
for a potential that comes with a bound on the length of cycles one must check.

Related Work

While part I (Root and Sadler, 2026) directly addresses the simple utility functions used
in the vast majority of papers on network games (e.g. Ballester et al., 2006; Bramoullé and
Kranton, 2007; Belhaj et al., 2014; Galeotti et al., 2020; Bervoets and Makihara, 2025), part
IT relates more specifically to the subset of this literature that leverages tools for potential
games (Bramoullé et al., 2014; Babichenko and Tamuz, 2016; Parise and Ozdaglar, 2019;
Zenou and Zhou, 2023). Rather than assuming a particular utility with a potential, we
identify revealed preference conditions under which a network game must have a potential.

Babichenko and Tamuz (2016) and Bayer et al. (2023) offer the two most closely related
analyses. Babichenko and Tamuz (2016) define a graph associated with an arbitrary game—a
link exists between ¢ and j if the two players are payoff relevant to each other—and highlight
a special relationship between this graph and an exact potential for the game, when the
latter exists. Their analysis shows that, when a game has an exact potential, we can always
write this potential as a sum of terms that depend on the actions of players in maximal
cliques in the payoff-relevance graph. In the special case of a bipartite payoff-relevance
graph, these maximal cliques necessarily each have size 2, and their results then imply that
players’ payoffs are additively separable across opponents, and the potential has the same
canonical form we identify.

Bayer et al. (2023) start from a canonical network game with linear best replies and
identify conditions on the network weights ensuring that a potential exists. Restricted to
this special class of network games, their findings anticipate part of our Theorem 2, highlight
conditions under which a potential exists given that bilateral potentials exist. We improve
on this finding in two ways. First, we extend to a more general class of games. Second, we
show that their “transitive relative importance” condition need only be checked for chordless
cycles in the newtork—we need not check all cycles.



2 Network Games and Potentials

Consider a normal form game (N, {S;}icn, {u;i}ien)—each player i € N has available
actions S; and earns a payoff u;(s) from the profile s. The game has an exact potential if
there exists a function ® : S — R such that

(I)(ng 5_i) — P(si,5-) = ui(sé, s—;) — ui(Si, S—i)

for every player i, every opponent profile s_; € S_;, and every pair of actions s;, s; € S;. The
game has an ordinal potential if there exists a function ® : S — R such that

D(sj,5-) > P(si,5-) == wi(si,5-5) > ui(si,5-)

for every player 7, every opponent profile s_; € S_;, and every pair of actions s;, s, € 5;.
Many network games have potentials, and our goal is to understand what this substan-

tively implies about players’ preferences. We build on our results from part I that identify

independence conditions under which we can represent player preferences using additively

separable utilities:
wi(s) =Y _ gij(si, 55). (2)
J#
Our main findings in part II highlight revealed preference conditions implying that, with an
appropriate rescaling, we have

9i5(8i5 85) = gji(8i, 85) + vij(si) + wij(s;)

for some functions v;; and w;;. If we can rescale every player’s utility so that the above
condition holds simultaneously for all pairs, then the rescaled game has an exact potential

O(s) = > vilsi)+ > gii(si,8))

i=1 =1 j<i

in which v;(s;) = >, _; vij(si). We subsequently derive conditions on the interaction network
that ensure a global potential exists. As a byproduct of this analysis, we also obtain condi-
tions under which bilateral interactions represent pure conflict, with g;;(s;, s;) = —g;i(s;, s;)
after translation and rescaling.

As in part I, we maintain several technical assumptions throughout the paper. The action
sets S; are path-connected topological spaces, and preferences are continuous. We call an
opponent j is essential for player i if there exists an action s; € S;, two actions s;, s} for
opponent j, and a profile of actions s_;; € S_;; for the other opponents such that i has a
strict preference:

(81,85, 5-55) =i (84,55, 5_45)-
We assume that all players have at least two essential opponents. We also take as given
that every player’s preferences have an additively separable representation (2). From part I,
this is ensured if action spaces are rich enough and preferences satisfy joint independence:
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for any actions s;, s, € S;, any two opponents j and k, and any opponent action profiles
S_iy 8t t, € S, we have

_iy
(8iy8-4) =i (85, 87)y  (Siythy S_ir) =0 (Siytj,8-i5),  (Sh, Syt i) =0 (Siy Sj,t—ij)
= (Sgat,—z‘) t0 (si7t—i)7

with the last comparison being strict if any one of the first three is strict.

Why Checking for a Potential is Hard

In general games, no practical revealed preference condition can guarantee that a potential
exists. The famous four-cycle condition of Monderer and Shapley (1996) depends critically
on cardinal preferences: a game has an exact potential if and only if

ui(sg; 85, 5—i) = wilsi, 55, 5-i5) + w; (85, 85, 5-35) — u;(si, 85, 5-45)
+ Ui(Si, S;-, S,ij) — ’U/i(S;, S;, Sfij) + Uj(Si, Sj, Sfij) — Uj (Si, S;, Sfij) = 0.

Using only ordinal comparisons, the best characterization we have comes from Voorneveld
and Norde (1997), which requires ruling out weak improvement cycles of arbitrary length.
A weak improvement cycle is a sequence of strategy profiles s°, s, ..., s™ = s such that

for each k = 0,1,...,m — 1, there exists a player i such that s*, = s**1 and for this player

i we have u;(s"1) > w;(s*), with at least one strict inequality in the sequence.? Checking
long cycles of strategy profiles is onerous, and this characterization has accordingly seen
little application in practice. While Voorneveld and Norde (1997) show that checking cycles
of length 4 is not enough—their example has a cycle of length 6, but none of length 4
or less—one might still hope for a reasonable bound on the length of the shortest cycle.
Unfortunately, as the following original example demonstrates, even otherwise well behaved
games may require checking arbitrarily long cycles.

Suppose there are two players, and action sets are S = Sy = {0, 1,2, ..., m} for some odd
integer m. Define the functions

0 if s9=0
(s2) = Q¢ s9—e€-(=1)2 if0<sy<m
(m if s =m
(% if 51 =0
y(s1) =qs1+e-(—1)" if0<sy<m
\m—% if s =m

for some very small € > 0. Player utilities are

(51, 89) = — (81— 2(59))>,  ua(s1,82) = — (59 — y(s1))°.

2Ruling out weak improvement cycles is enough to obtain an order > on S that functions as a potential,
but ensuring that this order has a real representation requires further technical assumptions.



In this game, each player improves her payoff by moving closer to a particular function of
her opponent’s action. Since these functions are strictly increasing, payoffs feature strictly
increasing differences, and the game exhibits strategic complements. Note that preferences
are also strictly single-peaked.

Despite all of its helpful structure, this game requires us to check long cycles to verify
that it cannot have a potential. Here is the shortest (and only) improvement cycle, which
has length 2(m + 1):

(0,0) = (0,1) = (2,1) = (2,3) = ... > (m —1,m) — (m,m) = (m,m — 1)

- (m=-2m-1)—=(m—-2,m-3)— ... > (1,0) — (0,0).

To see why no shorter cycle exists, consider the distance |s; — so|. There are only two
improving changes that can increase this distance: the change from (0,0) to (0,1) and the
change from (m,m) to (m,m — 1). Every other step in an improvement path must weakly
decrease the distance |s; — sg|. Using this, we see that a cycle cannot include (s1, s9) with
|s1 — so| > 2. If such a cycle existed, we would have |s; — so| = ¢ > 2 for every (s1, $2) that
appears, which means that every move in the cycle involves a player ¢ switching from s_; — ¢
to s_; + ¢ or vice versa. Any such improvement path cannot turn around when it reaches
the highest or lowest possible actions. This means that, within an improvement cycle, we
have |s; — sa| < 1 for every profile (sq, s9) that appears. The cycle exhibited above includes
all such profiles that are not equilibria, and the improvements that do not lead to equilibria
are exactly those we have used.

Network games present a special case in which we can overcome the difficulty illustrated
in this example. When player preferences admit an additively separable representation

ui(s) = Zgij(sia s5),

JF

with at least two essential opponents, such a representation is cardinal—that is, unique up to
a positive affine transformation. Intuitively, separability allows us to use the utility change
from shifting one neighbor’s action as a measuring stick for shifts in other neighbors’ actions.
Once we have a cardinal scale, we can implicitly invoke Monderer and Shapley (1996). Our
main challenge is to identify conditions ensuring that g;;(s;, s;) and gj;(s;, s;) represent the
same cardinal scale.

3 Bilateral Potentials and Anti-Potentials

Our first step is to identify revealed preference conditions implying that the strategic
interaction between two players is entirely captured via a single function of the two players’
actions. If we can translate and rescale utilities so that g;;(s;, s;) = g;i(s;, s;), then we call
the common function a bilateral potential. If instead we get g;;(s;, s;) = —g;i(s;, s;), then
gi; is a bilateral anti-potential.



Before we introduce the key condition, we highlight its direct implications on g¢;; and gj;
to aid interpretation. The essence of our characterization is a reciprocal relationship between
cross-differences. Take three actions s;, s;, 57 € S; for player ¢ and two actions s;, s; € S; for
player j, and suppose that

9i (55, 85) — 945 (56, 85) — (9i5(55, 85) — 9i (54, 55))
= gw( i ]> gw( i ;) (gij(sglasj) - gij(sga s5)) - (3)
This means that, when opponent j switches from s; to s’, this change has the same impact
on i’s choice between s; and s, as it does on ¢’s choice between s; and s/. Whenever this
occurs, we require that also

gﬂ( Sj s;) — g5i(s5, s;) — (gﬂ( ')_gji(5i751'>)
gﬂ( S5 s) — 95i(85, s;) — (gﬂ( S5 5;) — 931(3375;))- (4)

Intuitively, when opponent ¢ switches from s; to s, this change has the same impact on j’s
choice between s; and s’ as when ¢ switches from s to s}

Figure 1 illustrates, plotting ¢’s actions on the horizontal axis and j’s actions on the
vertical axis. The three vertical lines in red represent changes in player j’s action from s;
to s;. at each of i’s three actions s;, s}, and s/. The four horizontal lines in blue represent
changes in player i’s action, either from s; to s; or from s} to s}, at both of j’s actions s; and
si. Our condition says that, when the cross-differences for player i are equal across the two
squares, then the cross-differences for player j are also equal across the two squares. Our

theorem shows that, whenever cross-differences exhibit such reciprocity, then
9i (835 85) = ij95i(8i 85) + vij (8i) + wiz(s;)

for some constant 7;; and functions v;;, w;; that depend only on s; and s; respectively. If
7i; > 0, we have a bilateral potential, and if v;; < 0, we have a bilateral anti-potential.

A revealed preference restriction that implies these reciprocal cross-differences is the
following reciprocal prism condition.

Definition 1. The preferences of players i and j satisfy the reciprocal prism condition
if, whenever we have the indifferences

(5175375 U) (S 5]‘771*17')? (3173]73 U) —1 (8178]7t* )

(85,85, t—i5) =i (87, 85,q-45), and (s}, 85, r—i5) =i (87,8}, 4-ij)
for player i, then given any alternative opponent profiles 5_;;, tlij, T_ij, and q_;; satisfying
(85, Sirt—ij) =2 (5,80, 5-55), (85,85, 7—i5) =25 (5,80, 5-45), and (s, 7, 7_i;) =5 (s}, 8}, 4_i;),

we also have

(55,85, 1—i5) ™ (5, 85> A-ij)-
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AV (s)) AL(s))

J

player j’s action

8j

AE‘”(‘%) A%Q(SJ)

> player i’s action
S s} S5

[AY (s5) — AY (s5)] = [AP(sh) — AP (s))]
= [A;(s7) — Aj(si)] = [As(s)) — Aj(sD)]-

APUE) 1= gig (55, 1) = gig (s, 0), AL2(1) = gig (s, 1) — 935 (.1,
Aj (r) = gji(sgw r) — gﬂ(sj, r).

Figure 1: We require that if A'(s}) — AY(s;) = AP(s}) — Aj?(s;) then we also have
A;(s7) = Aj(si) = By(s7) = Ay(s7)-

K3 (2 (2

The name of our condition derives from a geometric interpretation. We divide the com-
parisons into two groups: four for player ¢ and four for player j. If there is only one other
opponent k, then for each set of comparisons, we can plot the eight corresponding points
as the vertices of a prism in three-dimensional space, and each indifference curve connects
two vertices. Figure 2 depicts the prism for player i, with indifference curves in blue. The
reciprocal prism condition requires that, whenever such a prism exists for player ¢, then the
analogous prism depicted in Figure 3, with indifference curves in red, exists for player j.

Parsing Definition 1 requires some care. Suppose that for both ¢ and j, actions for the
other opponents are rich enough that we can always find four profiles ensuring that the
first three comparisons hold—this is true if, for instance, the sums ), Li gir(si, sk) and
> ki j 9ik (s, si) are unbounded above (or below) at each s; and s; when we vary s_;;. The
substance of the definition is its assertion that, if the fourth indifference holds for player i,
then the fourth indifference also holds for player j.

To see the relationship between Definition 1 and the cross-differences discussed earlier,
apply the additively separable utility representations:

wi(8) =D gilsivse),  wi(s) =Y girlsy,sh)-

ki k£j



player k’s action

A
dk

player i’s action

player j’s action

Figure 2: The first prism showing player i’s indifferences

Looking at player 7, the first two comparisons imply that

9ij (835 85) = 9i(8i, 85) = Z ik (i, 1) — gir (s}, 1), and
ki,

9ij (s, 85) — 9ij(si, 85) Zgzk (sis sk) — gir (i, tn)-
k#i,j5

Subtracting gives
91';'(3273;) — 9ij(si, 3;) — (9i5(s3: 85) — 9ij(8i, 85)) Z 9ire (855 71) — Gin (8}, t)-
k#i,j5
Similarly, the second two comparisons imply
9ii (57 8) = 913 (55, 85) = (95 (s), 83) — 95 (shn53)) = > gin(shma) — gan(h 1),
ki,
so we have equal cross-differences:
9i (85, 85) — 945 (56, 85) — (9i5(55, 85) — 9i(54, 55))
= gl]( Sis ]) gw( Siy ;) (gij(3;/>sj) - gij(sga s5)) -
An analogous calculation shows that the second four comparisons imply
;i (85, s7) — gji(sj.87) — (95i(s5, 85) — g5i(si. 55))
= gjz( Sj s7) — 95i(sj,8 sy) — (gJZ( Sj ;) — gji(Sj,Sg)) )



player k’s action

N . }
(5585 75)" (55,87, k)
-
qk ~;
’ =i (s%, 8%, qr
i- ~ ’/’ , .\. /', [ J ;, E ) € "o~
sy siste)gel (85,80, k) g’ e (8585 )

?(\fl
/Z/
Y

. . .
} } }
> \ s \ s/ player i’s action
J , ® €
J

player j’s action

Figure 3: The reciprocal prism showing player j’s indifferences

as required.
To ensure that preferences always reveal this cross-difference reciprocity, we do need a
richness assumption on the actions of other opponents.

Assumption 1. For any two players i and j, given any s;, s;,s; € S; and s;,5; € Sj, we
can find s_;;,7_;;,t_ij,q—i; such that the first three indifferences for player i in Definition
1 hold. Analogously we can find 3_i;,7_i;,t_ij,4_i; such that the first three indifferences for
player j in Definition 1 hold.

Assumption 1 directly asserts that we can find profiles for other opponents so that the
first three indifferences in Definition 1 hold, both for player ¢ and for player j. An easy way
to satisfy this assumption is if the sums

> ginlsivsk) and > gin(ss, se)

k#i,j k#i,5

are unbounded above (or below) for each s; € S; and s; € S; as we vary s_;;. Under this
assumption, the reciprocal prism condition exactly means that equation (3) always implies
equation (4).
Lemma 1. Suppose Assumption 1 holds, and the preferences of players i and j satisfy the
reciprocal prism condition. For any s;, s}, s] € S; and any s;, s; € S;, having

9i5 (85 3}) = 9ij(si; 5}) — (9i(s5, 85) = 9ij (51, 55))

/

= gij (57, 8}) — 9ij (s, 85) — (935 (87, 85) — 9i5(s}, 85)) -
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implies that also

95i($] S $i) = G5i(85, 87) — (gji(s}si) _gji($i73j))
= g;i($] It si) — gji(s,87) — (gﬂ( Sj 8;) — gji(Sj,S;)).
Proof. Suppose the first equation holds, relating two cross-differences for player . Using

Assumption 1, we can find four profiles s_;;, 7_;;, t_;;, and g_;; such that the first three
indifferences in Definition 1 hold. Now, observe that

R

> ikt i) — gin(sh i) = 9i5(sh, 55) — i (56, 85) = (9355, 55) — g (1, 7))
ki,
= gw( i ]) 9@]( i ;) - (gij(S;/, sj) — gz‘j(S;, )
by assumption. The construction of ¢_;; and ¢_;; implies that
gij(82,7 8]) g%] Sw SJ Z Gik Sza tk gik(sg/7 Qk)7
k#i,5

so we must also have

gzy( Sis ]) gz] w J Z gzk SZ,Tk; gik(sg‘,>Qk)>
k#i,j
which implies (s}, s%,7_5) = (:9;' ;855 q—ij). Applying Assumption 1 again, we can find alter-
native opponent profiles 5_;;, t_;;, 7—;;, and ¢_;; satisfying
(85,8, i) 5 (85, 80,5-45), (55,85, T—ij) =5 (8}, 81, 5-4;5), and (s, s7,7_i;) 5 (s}, 87, Gij),
and the reciprocal prism condition then gives

(Sj7 Sga tN—ij) = (8;7 Sga (j—ij)‘

A similar calculation now implies that
;i (85, s7) — gji(sj, 87) — (95i(85, 85) — g5i(si, 55))
_gﬂ( ]7 ;/> gﬂ(817 z) (gﬂ( ]7 2) gji(8j78;>)
as needed. O

Our main result in this section shows that, given the additively separable utility represen-
tation we obtained in part I, the reciprocal prism condition ensures that the corresponding
pairwise terms in the two players’ utilities are essentially constant multiples of one another.

Theorem 1. Suppose Assumption 1 holds, and the preferences of players i and j satisfy the
reciprocal prism condition. There exists a constant 7;;, and functions v;;(s;) and w;;(s;),
such that

Gij(Si85) = Yij95i (55, i) + vij(8:) + wis(s5).

11



Using Lemma 1, we can work directly with the cross-differences to prove Theorem 1.
A second technical lemma shows that cross-difference reciprocity implies one function is an
affine transformation of the other.

Lemma 2. Suppose f(x) and g(x) are continuous real-valued functions on a path-connected
topological space X . If

f@)+f(z) =2f(y) = g(=)+9(z) =29(y),
then g(x) = af(x) + b for some real constants a and b.

Proof. First, observe that if f is constant, the conclusion is immediate. A constant f implies
that f(z) + f(2) = 2f(y) for all z,y,z € X, which means g(z) + g(z) = 2¢(y) for all
x,y,z € X. Taking y = x and simplifying then gives g(z) = g(x) for all z,z € X, so g is
constant.

Now suppose f(zg) < f(x1), and define

) —glm)
" fa) = Gy T Tl

The function D(x) = g(x) — af(x) — b satisfies

f@)+f(z)=2fy) = D)+ D(z)=2D(y).

Our goal is to show that D(z) is identically zero. Note by construction we already have
D(zo) = D(z1) =0.

Since X is connected, by the intermediate value theorem we can find a point x;/, such
that f(xo) + f(z1) = 2f(x1/2). It follows that g(zo) + g(x1) = 29(z1/2), and

D(ZE()) + D(,Il)

5 =0

D(Il/g) =

as needed. Proceeding inductively, we can construct analogous points of the form w9 for
alln € Nand 0 < k < 2", with D(xy/on) = 0 at all such points. For any other point  with
f(x) € [f(zg), f(z1)], we can find a sequence of points y1, yo, ... along a path between z and
xy of the form xy/on such that f(ym,) — f(z). As the inverse image of the path from z( to
x1 is compact, a subsequence of these points converges to some point y with f(y) = f(x).
Since D(y,) = 0 for each m, continuity implies D(y) = D(z) = 0.

Now let I C R the set of all points such that D(z) = 0 whenever f(z) € I. Following a
similar argument as in the last paragraph, the set I must be closed. If I does not contain
all of f(X), we can find a a point z with f(z) ¢ [—without loss, assume f(z) > f(x¢). We
can repeat our earlier argument, replacing x; with z, to show that g(x) = af(z) +b for some
constants @ and b whenever f(z) € [z, 2]. Since this interval overlaps with [z, 4], it must
be that @ = a and b = b. We conclude that f(z) € I, and I = f(X), completing the proof.

O
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With this result in hand, we now prove Theorem 1.

Proof of Theorem 1. Define

Aij(sia 3;’a Sj) = gij(5i75;'> - Qij(Si, Sj), and

!/ / /
Az’j(si7 S sj) = gji(sja si) — 95i(84, 8i)-
From Lemma 1, the reciprocal prism condition together with our richness assumption means

that whenever

Aij(si, 85, 85) — Dij(s5, 85, 55) = Dij(s, 85, 85) — Dij(si, 85, 55),

1930 094
we also have
Alij(Sél?*q;‘?Sj) _Agj(sgws ;) = A (s AL (sz,s Si)-

27]7)

Applying Lemma 2, for every s;, s;, and s} we have
A;j(si, 3;-, sj) = ai(s;-, $i) 0 (i s;-, s;) + bi(s;, si)
for some functions a; and b;. This implies

Nji(8h, 80, 80) — Nji(s), 8ty 81) = A’(

]7 17

Sis ]a ) _A/"(Si?sg"sj)
= a;(s},55) (Ai;(s5, 85, 85) — Dij(si, 85, 87))

Similarly, we have
A%i(s5, 85, 81) = a;(s}, 5:)Aji(s5, 87, 56) + bi(sg, 80),
implying

Aij(ss 850 85) — Dij(siy 85, 85) = aj(si, 80) (Djals], st 80) — Djilsy, 81, 84)) -
Since a; is a function only of s; and s;, and a; is a function only of s} and s;, this implies
that a; = ai is constant, and the conclusion follows.

J

[]

Theorem 1 relates the bilateral payoff terms for players ¢ and j, but on its own this is
not enough for a bilateral potential because the result says nothing about the sign of the
multiplicative constant «;;. Moreover, the reciprocal prism condition as stated is a one way
implication. If it holds for ¢ and j, but not for j and 4, then v;; = 0 in the Theorem. If it
holds in both directions, then we can identify the sign of 7;; through revealed preferences.
Suppose we find s;, s, 55, 8%, 55,8 ;; such that

(S{h Sj, SL1]> jz (Siv Sj, S*ij)a (817 S]; 877,]) tz (Sia S_/7'7 Sfij)
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with at least one strict preference. If we then find ¢_;;, ¢’ ,; such that

(Sgwsiatl—iﬂ ~; (85, 8ist—ij),
then +;; is positive (negative) if and only if

(s 85 t35) =5 (=5) (5, 85, t-i5)-
In words, when 7;; is positive, it must be that j switching from s; to s} makes s; more
attractive relative to s; if and only if i switching from s; to s; makes s} more attractive
relative to s;.
As a straightforward Corollary to Theorem 1, we have the following canonical represen-
tation of player utilities when the reciprocal prism condition holds for all pairs of players.

Corollary 1. Suppose Assumption 1 holds, and preferences satisfy the reciprocal prism con-
dition for each pair of players. For each player i, we can represent her preferences using a
utility of the form
wi(s) = vi(s) + Y (13945 (51, 55) + wi; () (5)
J#i
for some functions v;,{g;;},{wi;} and constant weights {~;;} such that g;;(si,s;) = g;i(s;, si)
for every i,5 € N, s; €5;, and s; € 5.

Going forward, we assume we can always represent preferences via (5), and we write I'
for the corresponding matrix of weights with zeros on the diagonal.

4 Network Potential Games

To have a potential for the entire game, we clearly need all entries of I' to be non-
negative, and we need v;; > 0 if and only if 7;; > 0. Given this, each pair of players ¢ and
j is playing a common interest game, holding fixed the actions of other players. This might
seem like enough to get a potential for the entire game, but issues can still arise as our next
example shows. For the rest of this section, we assume that 7;; > 0 for each pair ij, and
vij >0 <= 7vj > 0. We write G for the interaction network, the undirected graph that
contains link 77 if ;; > 0.

Suppose there are n players, each player i has action set S; = [—1, 1], and payoffs are

2
S;

ui(s) = 8;(si—1 + 28i41) — 5
in which we take indices modulo n. Every pair of players ¢ and j has the bilateral potential
sis;, with v;; > 0 if and only if 7 and j are adjacent in the index order. Nevertheless, this
is not a potential game because an improvement cycle exists. Consider the profile in which
player ¢ takes action 1 and all other players take action —1. Player ¢ — 1 can do better
by switching to action 1, earning % instead of —%. Subsequently, player 7 can do better by
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switching to action —1, again earing % instead of —%. By repeating this pair of moves for
players i — 2 and ¢ — 1, then ¢ — 3 and 7 — 2, and so on, we cycle back to the original profile.

Note that a shorter cycle is not possible because if we fix any one player’s action, the
game among the remaining n — 1 players is a potential game. Fixing s;, an exact potential
for the game among players N \ {i} is:

n—1 2
. Siy s
CI)(S) = E 2j_1 (Si+j3i+j—1 — ;j)
j=1

in which we again take player indices modulo n.

A key feature of this example is that the interaction network G contains a long cycle
with no chord—i.e., no path to cut it short. It turns out that such cycles are precisely what
makes it difficult to check whether we can simultaneously scale bilateral potentials to obtain
a single potential for the entire game. Our main result in this section shows that a bound on
the length of chordless cycles in G translates directly into a bound on the length of potential
improvement cycles we must check.

Definition 2. A cycle C in G is a sequence of vertices iy, s, ..., 1 such that ix_qi, € G for
each k = 1,2,.... ¢, where we identify i, = ig. A chord for the cycle C is a link i;is € G,
such that iy and is appear in C, but |t — s| > 2, where the difference is taken modulo {. A
cycle C' is chordless if it has no chord in G.

Mathematically, whether we can rescale utilities so that ¢;;(s;, s;) = g;i(s;, s;) for all pairs
simultaneously is equivalent to finding a diagonal matrix A, with strictly positive entries,
such that AT is symmetric. We first show that this is equivalent to having

¢ . .
7(C) = H Tikain _ (6)

=1 /yikik—l

for any cycle C' in G—as always, indices in the product should be read modulo ¢. While
checking the above condition may involve checking very long cycles, it turns out that checking
(6) only for chordless cycles is sufficient.

Theorem 2. The following three conditions are equivalent:
(a) There exists a strictly positive diagonal matriz A such that AT is symmetric
(b) We have w(C) =1 for every cycle C' in the interaction graph G
(¢) We have w(C) =1 for every chordless cycle C in the interaction graph G
Proof. We first show that (a) implies (b). If (a) holds, we have

Aiij = AjYji
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for every pair ij. For any cycle C' = (ig, i1, ..., iy, we therefore have

7(C) = H Jik—vik _ H /\/\z‘k 1

k1 Virin—1 ke “Vik—1

since ig = 1.

Going the other direction, supposing that 7(C') = 1 for every cycle, we construct a
constant \; for each player i. Fix a spanning tree 7" in the interaction graph, and normalize
A1 = 1. For every other player i, there is a unique path 1 =iq,1%9,...,70 =i from 1 to ¢ in T,
and we can use this path to define \;:

y4
)\i _ Yik—1ik .

k=2 Virir—1

We now verify that

AiYij = AjVji
for every ij € GG. First, if 75 is in the spanning tree T', then without loss take ¢ to be closer
to 1in T, so ¢7 is the last link on the unique path from 1 to j. By construction, we have

P VL
Vji

as required. If ij € G but ij ¢ T, then there is a unique path i = iy, 19, ...,4, = j from ¢ to
j in T, and adding link 75 completes a cycle C' on this set of players. By construction, we
have

and we then have

¢
Viroain _ Aj Vi
1=7(C) = S MEU
g Viginoy N Vig

as required.

Condition (b) obviously implies (c¢), so we only argue the reverse implication for this
part. We induct on the length of a cycle—if 7(C) = 1 for every chordless cycle, then we
clearly have 7(C') = 1 for every cycle of length at most 3 as every cycle of length at most 3
is chordless. Suppose now that m(C') = 1 for every chordless cycle and every cycle of length
less than /—we show that w(C') = 1 for every cycle of length /.

Let C = 14,19, ...,1, be a cycle of length ¢. If it is chordless, we are done. If it has a chord
1415 with t < s, we can divide C' into two cycles:

Cl = 11,09, cery by Ugy Tgt1y ooy by, Co = T4, 01,y -nny Use
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Note that the cycles ('} and C5 share exactly one edge, connecting i; to 7, but it appears in
opposite orientations. Note also that both cycles have length strictly less than ¢. Hence, we
have

1 = n(Cy)n(Cy) = n(C) - z— : 3— = (C)

as required. O

Theorem 2 builds on earlier work that examines conditions under which best response
dynamics converge in a standard linear-quadratic network game. Bayer et al. (2023) show
the equivalence of (a) and (b) for this restricted class of games. We extend this equivalence to
all network games that satisfy the reciprocal prism condition, and the further equivalence to
(c) narrows what we need to check in order to ensure that a potential exists. An immediate
Corollary of Theorem 2 is that, if the graph is chordal-——meaning all cycles of length 4 or
greater have a chord—then it is enough to check that m(C) = 1 for every cycle of length
3. We expect this to be a typical case as real networks are highly clustered, which implies
the existence of many connections between neighbors of neighbors, and natural incentive
structures for network formation lead to stable graphs that are chordal (Sadler, 2026).

Corollary 2. If G is chordal, and w(C) = 1 for every cycle of length 3, then the network
game has a potential.

5 Discussion

Given a game with separable preferences across opponents, the reciprocal prism condi-
tion provides a revealed preference test of whether two players’ utilities share a compatible
cardinal scale. If additionally the two players’ interactions exhibit strategic complements of
a sort—player i moving from s; to s; favors s over s; and vice versa—then we can rescale
their utilities so that their interaction is one of pure common interest. Whether we can do
this simultaneously for all pairs of players turns on whether utility scales are consistent along
chordless cycles in the interaction network. In a prominent class of networks, we need only
examine cycles of length 3.

As stated, our results require a game to have at least three players, and every player to
have at least two with whom she meaningfully interacts. This is crucial even to state the key
reciprocal prism condition because for any link 7j, player ¢ (7) must have another opponent
whose actions can offset those of j (i). However, there is nothing special about having an
opponent as the offsetting force, and if two players have preferences over some other set of
outcomes, preferences that are independent of outcomes in the game, this can serve the same
role, allowing us to recover a common cardinal scale. Our findings may therefore find use in
simpler settings like two-player games as well.

Several directions call for further work. While we implicitly characterize games that
feature bilateral conflict, we say little else about this potentially interesting class. While these
are not potential games, their special structure may prove helpful in other ways. In part I, we
identified a number of further revealed preference conditions—constant rate of substitution,
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midpoint indifference—with implications for the specific form that the terms g;; must take.
Combining these insights with our Theorem 1 can offer a more detailed taxonomy of utility
functions and their substantive implications. We believe such a taxonomy can provide a
useful starting point for a robust analysis of equilibrium outcomes in network games.
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